Abstract: It is shown that the ellipsometric spectra of short range ordered planar arrays of gold nanodisks supported on glass substrates can be described by modeling the nanostructured arrays as uniaxial homogeneous layers with dielectric functions of the Lorentz type. However, appreciable deviations from experimental data are observed in calculated spectra of irradiance measurements. A qualitative and quantitative description of all measured spectra is obtained with a uniaxial effective medium dielectric function in which the nanodisks are modeled as oblate spheroids. Dynamic depolarization factors in the long-wavelength approximation and interaction with the substrate are considered. Similar results are obtained calculating the optical spectra using the island-film theory. Nevertheless, a small in-plane anisotropy and quadrupolar coupling effects reveal a very complex optical response of the nanostructured arrays. 
optical spectra and the effects of particle size and shape," J. Phys. Chem. 98(11), 2963-2971 (1994 
Introduction
The optical properties of metallic nanoparticles have been of interest for many years and the scattering of electromagnetic waves by spheres and spheroids has been rigorously calculated before [1, 2] . One of the most interesting properties resulting from the interaction between electromagnetic waves and metallic nanoparticles is the excitation of collective oscillations of the conduction electrons, i.e. localized surface plasmon resonances (LSPRs). The LSPRs dependence on the size and shape of nanoparticles and the surrounding environment has attracted much attention due to potential applications in different devices [3] [4] [5] [6] [7] . Of special interest are nanostructured arrays supported on a substrate as those fabricated by hole-mask colloidal lithography [8] . This technique allows control of shapes and sizes in the fabrication of an ample variety of nanostructures including disks, ellipses, cones, binary nanoparticles [8] as well composite nanostructures like metal-dielectric-metal structures [9] [10] [11] . Besides the LSPR observed in metallic nanostructures, the scientific literature reports on other interesting phenomena like optical magnetism in nanosandwiches [9] [10] [11] , intrinsic Fano interference of localized plasmons in Pd nanoparticles [12] , and plasmon induced magneto-optical activity [13] .
Although there are many reports on the optical properties of metallic nanoparticles supported on a substrate, there are still some remaining gaps that deserve attention. First, for large nanoparticles (length scales of several tens or a few hundreds of nm) many of the studies are performed by only analyzing the extinction spectra obtained from transmittance measurements at normal incidence. In particular, the LSPRs of Au, Ag, Pt, and Pd nanodisks short-range ordered arrays have been previously studied by modeling the nanodisks as oblate spheroids in the modified long wavelength approximation [14] [15] [16] . However, under normal incidence the analysis is limited to only the component (in-plane) of the polarizability tensor parallel to the substrate. Furthermore, the effect of the substrate is taken into account by assuming that the spheroids are embedded in an effective medium of refractive index given by the average between the ambient and substrate. On the other hand, both experimental and theoretical optical studies of periodic gold nanoparticle arrays (one-and two-dimensional) have been performed at oblique incidence [17] [18] [19] [20] [21] . Therefore, appropriate modeling of optical measurements at oblique incidence is required to retrieve the components of the polarizability tensor. Certainly, electrodynamics calculations are able to extract optical information but often with high computational costs [5, [17] [18] [19] [20] [21] [22] [23] ].
The simplest model to describe the optical properties of nanostructured arrays supported on a substrate is a homogeneous anisotropic layer. In this case, the components of the dielectric function tensor can be modeled with Lorentz harmonic-type oscillators or anisotropic effective medium theories [24] [25] [26] . For small metallic nanoparticles (length scales < 10 nm) supported on a substrate, in the 2D-efective medium theory of Yamaguchi et al [25] and its improved version [26] , the interaction between neighboring particles and with the substrate are taken into account in the dipole approximation. On the other hand, higher-order multipole interactions were extensively investigated by Bedeaux and Vlieger leading to the formulation of the island-film theory [27] . This theory is based on the notion of excess quantities and surface susceptibilities providing modified Fresnel coefficients that have successfully explained the optical response of small metallic nanoparticles on a surface [28] [29] [30] [31] . At first-order two surface susceptibilities are required: one parallel (γ) and the other perpendicular (β) to the substrate. For non-interacting islands (low coverage), γ and β depend on geometrical details of the islands and the effect of the substrate is taken into account by the charge image technique. As noted above, the 2D-effective medium theory and the island-film theory have not been explored to describe the optical properties of large nanoparticles yet.
Spectroscopic ellipsometry is a well established optical technique for characterization of surfaces, interfaces, and thin films. Recently, its potential use at the nanometer scale has been reviewed [32] . In this work, we have investigated the optical response of gold nanodisks arrays by spectroscopic ellipsometry and irradiance measurements at oblique and normal incidence. Thus, both, the in-plane and out-of-plane components are probed. The data are analyzed using two approaches: i) by modeling the nanostructure with a homogenous uniaxial layer with an effective dielectric function of either the Lorentz type (Sec. 3.1) or with a modified Yamaguchi effective medium expression that includes dynamic depolarization factors (Sec. 3.2) . ii) In the second approach, the island-film theory is applied by modeling the in-plane polarizability in the modified long-wavelength approximation (Sec. 3.3). The 
Experimental
Gold nanostructured arrays were fabricated on glass substrates by hole-mask colloidal lithography [8] . The investigated samples are 40 nm thick Au nanodisks as well as 20 nm thick Au nanodisks covered with a 20 nm thick SiO 2 layer. In both cases, the nanodisks are nearly circular with an average diameter of 170 nm as represented in Figs. 1(a) and 1(b) . One of the Au nanodisks was capped with a SiO 2 layer in order to investigate the effect of partial embedding on the optical properties of metallic nanoparticles. Also, this structure is part of composite structures like Au-SiO 2 -Au nanosandwiches which have shown very interesting optical properties [9] [10] [11] . Details of thickness and diameter control during fabrication of Au nanodisks can be found elsewhere [7, 10, 11, 14] . Spectroscopic ellipsometry (SE) measurements were performed in the 300-1300 nm wavelength range using a variable angle spectroscopic ellipsometer (VASE) of rotating analyzer type equipped with an auto-retarder (J. A. Woollam Co., Inc.). Reflectance spectra were measured for polarizations parallel and perpendicular to the plane of incidence. For measurements in reflection mode the back side of the substrate was roughened and the angles of incidence were between 50° and 70°. Also, transmission ellipsometry and irradiance transmittance (p-polarized) spectra at normal incidence were acquired. The refractive index of the glass substrate was determined from ellipsometric data and then its extinction coefficient was obtained by a point-by-point fitting of transmittance spectra at normal incidence. The complex dielectric function of gold was taken from VASE measurements of a homogeneous gold film [33] .
SE measures the change in the polarization state that incident polarized light experiences due to interaction with a sample. In reflection (transmission) mode the change is described by the complex-valued ratio ρ r (ρ t ) between the reflection (transmission) coefficients for light polarized parallel r p (t p ) and perpendicular r s (t s ) to the plane of incidence [ 
where ρ r (ρ t ) is expressed in terms of the two ellipsometric angles Ψ and Δ which depend on the microstructure and optical properties of the constituents of the sample. Thus, the construction of an optical model for the reflection (transmission) coefficients r p (t p ) and r s (t s ) allows the determination of parameters like film thicknesses, complex dielectric functions, volume fractions, etc., of a multilayer model representing the sample. Those parameters are obtained in a fitting procedure minimizing the mean square error (MSE) between the model and experimental data,
where N is the number of measured Ψ-Δ pairs, M the total number of fit parameters, and σ exp are the standard deviations of the measurements. The superscripts mod and exp indicate model-calculated and experimental data, respectively. The non-linear regression algorithm also provides 90% confidence limits of the fitted parameters. ε a . As a first approach, the optical response of these nanostructured arrays will be described as a continuous layer of thickness d and with a dielectric tensor diag(ε x ,ε y ,ε z ), Fig. 1 (c). The origin of this anisotropy is clear from the structure of the arrays because applying an electric field either parallel or perpendicular to the sample surface, the optical response of the nanostructured array will be different. Furthermore, the nearly circular shape of the nanodisks allows the definition of the in-plane (ε x = ε y = ε || ) and out-of -plane (ε z = ε  ) components of a homogeneous uniaxial layer. 
Results and discussion

Homogeneous uniaxial layer approach
where E is the photon energy, ε  is the high frequency dielectric constant; A, B, and E c are the oscillator amplitude, broadening, and central energy, respectively. The fitting was performed with the WVASE32 software (J. A. Woollam Co., Inc.). For the fitting, the layer thickness was fixed to d = 20 nm, corresponding to the thickness of the Au-nanodisks. Otherwise, leaving d as a fitting parameter, its correlation with A || , ε || , and ε  became very large. Thus, the fitting parameters are only those of Eq. (3). The obtained values and confidence limits as well as the MSE given by Eq. (2) are presented in Table 1 Table 1 . Also, similar results were obtained considering either the weight thicknesses of about 2 nm or any other effective thickness ranging between 2 and 40 nm. Furthermore, it has been previously reported that for 10 nm thick and 110 nm in diameter gold nanodisks array the location of the plasmon resonance is not affected by capping with 20 nm of silica [10] . At this point, it seems natural to conclude that the optical response of the nanodisks array can be given in terms of the homogeneous uniaxial layer 20 nm thick with effective dielectric functions ε L,|| and ε L, of Fig. 2(c) . However, in order to investigate whether or not the model truly describes the optical response of the nanostructured array, a comparison should be established with independent measurements as is done in Figs. 2 that the experimental spectra of oblique p-polarized reflectance (R p ) are well described by the model-calculations. For s-polarization (R s ), presented in Fig. 2(e) , the calculated data fairly describe the plasmon resonance but appreciably differences are observed at short wavelengths. In addition, as the angle of incidence increases the experimental data of R s show a shoulder at about 640 nm and also noticed in the R p spectrum at 70°. The origin of this feature (Q) indicated by the arrows in Figs. 2(d) and 2(e) is discussed in Sec. 3.5. Another discrepancy is noticed in irradiance transmittance (T) at normal incidence ( Fig. 2(f) ). In this case, the plasmon resonance obtained from the model-calculations is broader and shifted to longer wavelengths compared to the experimental data. VASE data for the array with 40 nm thick gold nanodisks are shown in Figs. 3(a) and 3(b). Once again, an excellent fit was obtained using the nanodisks thickness as the layer thickness. Fitting parameters and confidence limits are presented in Table 1 and the effective dielectric function tensor components obtained are shown in Fig. 3(c) . As can be seen in Figs. 3(d)-3(f) , major discrepancies are obtained between the experimental and model-calculated spectra of R p , R s , and T for this thicker nanodisks array. In Figs. 3(d) and 3(e) also is observed a feature at about 600 nm (Q) in the experimental R p spectrum at 70° and in the three R s spectra. In summary, the successful description of the SE data modeling the nanostructured arrays as a homogeneous uniaxial layer does not assure that the dielectric tensor of Lorentz-type obtained represents reliable materials properties. Therefore, other approaches should be used as will be shown below. 
Dynamic Yamaguchi approach
The homogenization procedure depicted in Fig. 1 
where l  = (1 + e 2 )(1-e arctan e 1 ) and l || = (1-l  )/2 are the depolarization factors in the electrostatic limit being e = ((a/c) 2 -1) -1/2 [27]. The second term in Eqs. (6) and (7) accounts for the interaction with the substrate according to Eq. (28) in [26] and represents a modification of the Yamaguchi expression. The third and fourth terms of Eq. (6) correspond to dynamic depolarization and radiation damping, respectively, where k = 2π/λ is the wave number of the incident light with wavelength λ. In other works, these terms were included in a dynamic Maxwell-Garnett expression and were written as k 2 a 2 /3 and 2ik 3 a 3 /9, respectively, leading to only qualitative agreement with measurements [35, 36] . This is because those terms originally were derived from volume integrals on a sphere [37] . In the case of spheroids those integrals lead to the first, third, and fourth terms in Eq. (6) up to a dynamic geometrical factor multiplying the dynamic depolarization (~k 2 ) term [38]. However, it was shown that this kind of factor, which depends on the aspect ratio, produces a considerable red-shift larger than Tmatrix calculations [38] and herein is taken as the unity. Therefore, the dielectric tensor of non interacting nanodisks is represented by a dynamic modified Yamaguchi expression ε DMY,|| for the in-plane component, Eqs. (4) and (6), whereas a modified Yamaguchi expression ε MY, , Eqs. (5) and (7), is used for the out-of -plane component. Figure 4 shows a comparison between the experimental and calculated spectra for the silica-capped Au nanodisks, schematically shown in Fig. 1(b) . For that, Fresnel coefficients of an air-uniaxial film-substrate system [34] were used with dielectric functions components given by Eqs. (4)-(7). The calculations were performed with a FORTRAN code using the parameters: a = 85 nm, c = 10 nm, q = 0.065 and film thickness d = 20 nm. In Fig. 4 it can be observed that this model gives a better description of all measured spectra than by using Lorentz expressions shown in Fig. 2 . The quantitative agreement seen in Fig. 4 supports the use of Eq. (6) for the description of the LSPR in spheroidal particles. In Fig. 4 (f) the transmittance spectrum neglecting the nanodisks-substrate interaction (second term in Eq. (6)) is also included which clearly shows that the LSRP then becomes weaker and blue-shifted. This is explained when considering that according to Eq. (4) the resonance is located at wavelengths where Re{ε m } = (1-1/F || )ε a and as the interaction with the substrate decreases F || this condition is fulfilled at longer wavelengths. Capping the Au nanodisks with the SiO 2 layer has not effect on the LSPR because ε a = 1 in Eq. (4). Although a very good description of the optical spectra is seen n Fig. 4 , some differences can be noticed in the spectral location of the extremes in R p and R s spectra, Figs. 4(d) and 4(e). The latter were obtained from derivative Figs. 2(c) and 3(c) , the former show a different dispersion at short wavelengths which gives the correct spectral dependence of R p , and R s spectra. The latter feature is attributable to the onset of interband transitions in gold. These results indicate that the optical properties of these nanodisks arrays are dependent on their size, shape, properties of the constituent materials, and volume fraction. 
Island film theory approach
Another formalism to be explored as a description of the optical response of the nanodisk arrays is the island-film theory. This theory is based on the concept of excess currents, charge densities and fields (E, D, B, and H) developed for the study of the optical properties of a film of islands attached to a flat substrate [27] . The island-substrate interface is assumed to be invariant with respect to translation, rotation and reflection in the x-y plane. In this theory, the film is replaced by a dividing surface somewhere within the film separating two homogeneous media, the ambient and the substrate. Then, excess polarization (P ) are the refractive indexes of the ambient and substrate, respectively; θ i and θ t are the incidence and refraction angles, respectively, related by Snell's law n a sinθ i = n s sinθ t . From Eqs. (8)- (11), the well known Fresnel coefficients for the ambient-substrate interface are obtained when γ = β = 0. The overall transmittance of light exiting from the back side of the substrate can be calculated according to,
where t sa is to the transmission coefficient of the substrate-ambient back interface (this second reflection is neglected); α s and d s are the absorption coefficient and thickness of the substrate, respectively.
The next step requires the calculation of the two constitutive coefficients γ and β which for identical non-interacting particles (islands) are given by [27,28],
where ρ is the number of nanoparticles per unit area; α || and α  are the in-plane and out-ofplane dipolar polarizabilities, respectively. These polarizabilities can be determined by multipole expansion of the potentials in the ambient and substrate and are expressed as a sum of the incident potential, the potential due to the charge distribution induced in the island, and the potential of the image charge distribution in the substrate. By applying the boundary conditions of those potentials at the surface of the substrate, an infinite set of linear equations for the expansion coefficients is obtained. In the practice, that set is numerically solved by neglecting multipoles larger than a suitable order. Also, analytical expressions for α || and α  have been reported for spheres and spheroids (oblate and prolate). Herein, the nanodisks are represented as oblate spheroids and the polarizabilities in Eq. (13) can be obtained from the multipole expansion in spheroidal coordinates. In the dipolar approximation α || and α  are given by [27],
where a and c are the major and minor semi axes, respectively; ε m is the nanodisks dielectric function; L || 
where l (||,) are the static depolarization factors and the nanodisks-substrate interaction is accounted through terms multiplied by the factor (ε a -ε s )(ε a + ε s ) 1 (<0 for an air-glass interface). It can be noticed that as a result of this interaction, 2L || + L  1. Also, the interaction with the substrate decreases the depolarization factors resulting in a shifted plasmon resonance to longer wavelengths.
This formalism has been used to analyze the optical response including the ellipsometric spectra of nanocolloidal gold particles on silicon [29] , hexagonal arrays of silver nanocrystals on highly oriented pyrolytic graphite [30] , and silver clusters supported on α-Al 2 O 3 substrates [31] . In these works, the authors corrected the intraband contribution to the metal dielectric function (modifying the relaxation time in the Drude term) because the particle size was smaller than the bulk mean free path.
In the present case, the relative large diameter of the nanodisks makes it necessary to consider dynamic depolarization and radiation damping effects for the in-plane component α || which is renormalized according to [5, 15, 37] , 23 *
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and in Eq. (13) α || should be substituted by α || *. It can be noticed that in Eqs. (8)- (17) the input parameters are only the lengths of major and minor semi axes a and c, respectively, and the number of nanodisks per unit area ρ. The extinction spectra of supported metallic nanodisks have been analyzed with Eq. (17) but an averaged refractive index was used for the surrounding medium [14, 15] . Figure 6 shows the calculated optical spectra with the island-film theory for the array of SiO 2 capped 20 nm thick gold nanodisks. The calculations were performed with a FORTRAN code with a = 89 nm, c = 9 nm, and ρ = 4.5 μm 2 . It can be noticed that the values of the semi axes a and c are comparable to the nominal radius (85 nm) and half thickness (10 nm), respectively. Also, the value of ρ is in agreement with the volume fraction q introduced in Sec. 3.2 because they are related by q = ρ4πa 2 c/3d. As can be seen in Fig. 6 , the calculated spectra reproduce qualitatively and quantitatively all main features in the experimental data. The constitutive coefficients γ and β show a strong anisotropy of the in-plane and out-of-plane surface susceptibilities, Fig. 6(c) . It can be noticed that both, the dynamic Yamaguchi (Fig. 4) and the island film theory (Fig. 6) approaches, give very similar optical spectra. However, the dynamic Yamaguchi effective medium approach is preferred because the spheroid parameters used, a = 85 nm and c = 10 nm, agree with the nominal radius and half thickness of the nanodisks. Experimental and island-film theory calculated spectra for the silica-capped Au nanodisks array with thickness 20 nm: (a) Ψ, (b) Δ, (c) in-plane γ and out-of-plane β surface dipolar susceptibilities, (d) p-polarized reflectance, (e) s-polarized reflectance, and (f) normal incidence transmittance (subs). In (f) also the spectrum neglecting the spheroids-substrate interaction (free) is included. Figure 7 shows the transmission ellipsometry data at normal incidence of the gold-silica nanostructured arrays. The measurements were performed at two different orientations, one from an arbitrary orientation (A) and the other by rotating the sample 90° to an orientation A + 90°. In Fig. 7(a) around the plasmon resonance wavelength of 800 nm, Ψ shows small but significant deviations by less than ± 1° from the isotropic case (45°) whereas in Fig. 7 (b) the deviations in Δ from 0° are about ± 2°. These deviations indicate some in-plane anisotropy which exact origin is unknown at present. One possible explanation is by considering that the hole-mask colloidal lithography process produces "nearly" circular shaped nanodisks. In first approximation they can be represented as elliptical nanodisks with in-plane semi axes a and b (see the insert in Fig. 7(a) ). Within this approximation, for incident light polarized parallel to a (b) the optical response can be described by an in-plane effective dielectric function ε ||,a (ε ||,b ).
In-plane anisotropy
In the general case, when the nanodisks frame (a,b) is rotated by an angle  with respect to the laboratory frame (p,s), the ratio of the transmission coefficients t p and t s in Eq. (1) for ellipsoidal particles will depend on the four terms considered in Eq. (6) as was done for spheroidal particles. In that case, the depolarization factors in the electrostatic limit l a and l b can be obtained from the integral form [1] . Nevertheless, the complete calculation of ε ||,a and ε ||,b
is not possible because analytical expressions accounting for interaction with the substrate, dynamic depolarization, and radiation damping for ellipsoidal disks are not available. Another possible origin of the in-plane anisotropy could be due to the exact shape of the nanodisks. That is, depending on the procedure employed for fabrication of the nanodisks, either straight sidewalls or oblique truncation of the top as well as different nanoscopic roughness are obtained [11] . Furthermore, given the high sensitivity of shows an ellipsoidal nanodisk with semi axes (a,b) rotated an angle  from the (p,s) frame.
Quadrupolar coupling
As discussed in Sec. 3.2 and 3.3, the main features in the experimental spectra can be quantitatively reproduced by modeling the nanodisks as oblate spheroids in the longwavelength limit. However, both the 2D Yamaguchi model and the island-film theory are unable to reproduce the features of the R s spectra and in the R p (70°) spectrum at about 640 nm in Figs. 2, 4 and 6 and at 600 nm in Figs. 3 and 5 . That is because their origin is a quadrupolar effect which cannot be included in the present models. At normal incidence the phase of the incident wave does not change across the diameter of the nanodisks which are homogenously polarized and Eqs. (4) and (17) apply. On the other hand, increasing the angle of incidence there will be an appreciable phase difference of the incident wave on the two opposite extremes of the nanodisks, see the insert in Fig. 6(e) . This phase retardation creates an inhomogeneous polarization field inside the nanodisks and quadrupolar moments can be coupled. It has been reported that for the extinction spectra measured at oblique incidence of 70° for s-polarized light transmittance, a second peak emerge at shorter wavelengths than the plasmon resonance in Au-nanodisks arrays 20 nm thick with diameter of 213 or 355 nm [39] . For the larger nanodisks arrays the quadrupolar resonance was imaged using apertureless scanning near-field optical microscopy [39] . These retarding effects in large particles coupling quadrupolar resonances have been reported using T-matrix calculations and finite-element modeling for silver spheroids and spheres, respectively [23, 40] . By using the discrete dipole approximation, the optical spectra of isolated nanoparticles with different shapes have been studied and a richer spectrum was found for particles with sharp edges [41] . Also, the excitation of multipolar modes for small spheroids lying on a substrate has been studied using a spectral representation [42] . Surface difference reflectivity spectroscopy of small silver nanoparticles have shown that besides particle and substrate interactions multipolar effects arises due to the particle truncation when it is brought in contact with the substrate [43] . Therefore, the inhomogeneous incident field at larger angles of incidence and the sharp edges of the nanodisks real shape contribute to the quadrupolar feature. Finally, the results of this work will be valuable for a better understanding of the optical response of more complex nanostructures where nanodisks are the building blocks, for example as in nanosandwiches [9] [10] [11] 44 ]. 
Conclusions
The effective optical response of gold-based nanostructured arrays produced by hole-mask colloidal lithography has been studied using two approaches. First, it was found that the ellipsometry spectra in the reflection mode can be described by modeling the nanostructured arrays as homogeneous uniaxial layers with dielectric functions of the Lorentz type. However, model-calculated spectra for oblique reflectance deviate from the experimental data at short wavelengths and the plasmon resonance is red-shifted and broader for normal incidence transmittance. Instead, modeling the nanodisks as oblate spheroids, the modified dynamic Yamaguchi effective medium expression qualitatively and quantitatively describes all measured spectra. The second approach considered was the island-film theory representing the nanodisks as oblate spheroids interacting with the substrate. Also, radiation damping and dynamic depolarization effects for the in-plane polarizability were considered. It was revealed that details of the nanostructured arrays are important to give a more complete description of all measured optical spectra. A small in-plane anisotropy detected by transmission ellipsometry spectra could be due to factors like deviation of circularity of the nanodisks, sidewalls shape, nanoscopic roughness as well as a weak nanodisks interaction. Furthermore, the complexity of the optical response increases because quadrupolar coupling arises at oblique incidence which cannot be included within the models here used.
